Abstract: Let N be a simply connected real nilpotent Lie group, n its Lie algebra, and a lattice in N . If a left-invariant complex structure on N is -rational, then H
Introduction
Invariant complex structures on compact nilmanifolds have been studied by many mathematicians (e.g. [6] , [4] ). However, it seems that relations between two distinct complex structures on one nilmanifold has not studied enough. In the previous papers [7] [8] [9] , we investigated relations between invariant complex structures and Hodge numbers of compact nilmanifolds.
Let N be a real nilpotent Lie group defined by N D Then, for each global coordinate system, the group structure of N can be written as .z 1 ; z 2 ; z 3 / .w 1 ; w 2 ; w 3 / D .z 1 C w 1 ; z 2 C w 2 ; z 3 C z 1 w 2 C w 3 /;
.z 1 ; z 2 ; z 3 / .w 1 ; w 2 ; w 3 / D .z 1 C w 1 ; z 2 C w 2 ; z 3 C N z 1 w 2 C w 3 /;
respectively. Put S 1 D f.N; ' 1 /g, S 2 D f.N; ' 2 /g. Then, complex manifolds N 1 D .N; S 1 / and N 2 D .N; S 2 / are isomorphic as real Lie groups, however, N 1 and N 2 are not isomorphic as real Lie groups with left-invariant complex structures. Then, nN 1 and nN 2 are not biholomorphic as complex manifolds, where is a lattice in N .
Moreover, we have seen that the Hodge numbers satisfy h s;t .nN 1 / D h t;s .nN 2 / for each s; t ( [7] ). We have considered a generalization of the pair of compact complex nilmanifolds, and compared Hodge numbers of pairs of complex nilmanifolds. Let .h; J / be a Lie algebra with a complex structure, and hJ the vector spaces of the˙p 1 eigenvectors of the complex structure J , respectively. We denote by H ; N @ J .h C / the cohomology ring of the differential bigraded algebra
.h C / , associated to h C with respect to the operator N @ J in the canonical decomposition d D @ J C N @ J on V ; .h C / . Let g be a real Lie algebra, and g D a Ë b a decomposition such that a is a Lie subalgebra of g and b is an ideal of g. Then, we can construct complex structures J and Q J on R .g C / from the decomposition (for the details of J and Q J , see Section 3), where g C is the complexification of g, and R .g C / is the real Lie algebra obtained from g C by the scalar restriction. We denote dim H
Let N be a simply connected real nilpotent
Lie group, a lattice in N . If a left-invariant complex structure J on N is a -rational complex structure, then H .nN / of a compact nilmanifold with invariant rational complex structures. In this paper, we consider a construction of nilpotent Lie algebras n with a decomposition n D a Ë b by root systems (Section 4). We also consider a modification of the construction of a complex structure Q J . Indeed, if a has a good decomposition, we can consider other complex structure J 0 on R .g C / which is a generalization of Q J (Section 3). As an application, we obtain a compact nilmanifold with invariant complex structures such that Hodge numbers are quite different for each complex structure (see Example 7.3). In the previous paper [9] , we have several results in the case where b is abelian, e.g., if b is abelian, then
for each r. Thus, we have an interest in the case where b is non-abelian. For example, we have the following:
where g 0 is a Lie algebra which is constructed from a decomposition
Thus, this theorem is a generalization of a result in the previous paper [9] .
However, it is not always natural to consider relations of h s;t .g J / and h s;t .g Q J / for investigating dualities. For the details, see Theorem 6.3, which is one of main results.
Preliminaries
In this section, we recall results of Dolbeault cohomology groups of compact complex nilmanifolds.
Let H be a real Lie group, and h its Lie algebra. We denote by H .h/ D H .h; R/ the cohomology of the complex V .h / of left-invariant differential forms on the Lie group H . A left-invariant almost complex structure on H can be identified with a linear mapping J W h ! h such that J 2 D id. Such a structure determines in the usual way the subspace^1 The almost complex structure J is said to be integrable if
for all X; Y 2 h. We shall refer to a pair .h; J / consisting of a Lie algebra and an integrable almost complex structure simply as a Lie algebra with a complex structure. .h C /. Let N be a simply connected real nilpotent Lie group, and n be the Lie algebra of N . It is well known that there exists a lattice in N if and only if there exists a rational Lie subalgebera n Q such that n Š n Q˝R . Let be a lattice in N , and n Q the Q-span of exp 1 ./ in n, where exp W n ! N is the exponential map (cf. [3, Chapter 2] ). Then, a complex structure J on n is said to beȂ-rational if J.n Q / n Q ( [1] ). Conversely, let n Q be a rational Lie subalgebra such that n Š n Q˝R , and J a complex structure on n such that J.n Q / n Q . Moreover, let L be a lattice in n contained in n Q . Then, the group generated by exp L is a lattice in N (cf.[3, Chapter 2]). Moreover, J is -rational. We say a complex structure J on a Lie algebra h is rational if J.h Q / h Q for some rational Lie subalgebra h Q such that h Š h Q˝R .
Theorem 2.1 (Console-Fino [1] ). Let N be a simply connected nilpotent Lie group, and a lattice in N . If J is a -rational complex structure on n, then,
for each s; t.
For any small deformation of a -rational complex structure, the isomorphism
Theorem 2.3 (Sakane [5] ). Let N be a simply connected complex nilpotent Lie group, and a lattice in N . Then,
Thus, results on H
.n C / of a nilpotent Lie algebra with good complex structures yield results on H
.nN / of a compact nilmanifold with invariant complex structures.
Complex structures
In this section, we construct complex structures on R .g C /, where g is a Lie algebra. We consider the following Lie algebra g over R:
where a D t Ë k is a Lie subalgebra of g such that t is abelian, k is an ideal of a, and b is an ideal of g. Take basis of the Lie subalgebras t, k and b:
t D span R fU 
, the real Lie algebra R .g C / has the following basis: where Then, we consider other almost complex structure J 0 on R .g C / defined by
C / be the simply connected real Lie group corresponding to R .g C /. Then, we have the following theorem.
Proof. Note that t ; N p 1 Cj 2 V 1;0 J 0 for each t; j , and 
In the case of a D k, we use the symbol Q J instead of J 0 . We have also proved that if J is a rational complex structure, then Q J is also rational. By considering a parametrized basis of R .t C /, we get a parametrized complex structure on
Example 3.2. Let us consider the case of 
If each .cos Â i ; sin Â i / is a rational point on the unit circle, and fU 
Construction of nilpotent Lie algebras with a decomposition
In this section, we construct nilpotent Lie algebras n with a decomposition n D a Ë b by root systems.
Let G be a compact semi-simple Lie group, g the Lie algebra of G, and h a maximal abelian subalgebra. Let … D f˛1; : : : ;˛l g be a basis of root system . We denote by C the set of all positive root relative to …. Let … 0 , … 1 be subsets of …. We put OE…
We put m D C OE… 0 . Take a normal basis E˛2 g C (˛2 ). Then, structure constants N˛;ˇsatisfy N˛;ˇD N ˛; ˇ2 R, where OEE˛; Eˇ D N˛;ˇE˛Cˇif˛;ˇ;˛Cˇ2 . Let g˛D RE˛, and n D P˛2 
Hodge numbers
In this section, we see relations between h s;t .g J / and h s;t .g Q J /. We shall now consider the case of a D k. We assume that
, and E t sh as in section 3. Then, note that
for each i; j; s and t.
Let g 0 be the Lie algebra defined by g 0 D spanfU 1 ; : : : ; U p ; V 1 ; : : : ; V q g which satisfies 
Then, we have the following.
Theorem 5.4.
Proof. Considering the case where a D f0g and b D g, we have
by Theorem 5.3. Then, we have
by Theorem 5.3.
Proof. By Theorem 5.4, we see
On the other hand,
Proof. By Corollary 5.2, a and b is abelian. Thus, we have
Dualities of Hodge numbers of compact nilmanifolds of type A l
In the previous paper [8] , we have the following theorem:
Theorem 6.1. Let H R .n/ be a .2n C 1/-dimensional real Heisenberg Lie group, and h R .n/ its Lie algebra. Let R .H R .n/ C / be the simply connected nilpotent Lie group corresponding to R .h R .n/ C /. Then, there exist a lattice and left-invariant complex structures
In this section, we generalize second result. Let be the root system of A l , and … D f˛1; : : : ;˛l g a basis of the root system of type
In the case of l D n C 1 and … 0 D f˛2; : : : ;˛ng, .… 0 / D … 0 for 2 S , i.e., the painted Dynkin diagram corresponding to … 0 is symmetric:
We have seen that the decomposition h R .n/ D a k C b k can be constructed by the root system of A nC1 and subsets
Put … 1;k D f˛1; : : : ;˛kg, and
Then, we see
Note that , then˛Cˇ… C , and if˛D
Let … 0 be a subset of …. Put
and n D a k Ëb k . Similarly as in the case of g 0 in section 5, let n 0;k be the nilpotent Lie algebra which is constructed from the nilpotent Lie algebra n with the decomposition n D a k Ë b k . Then, we see
Then, we have the following: Theorem 6.2. If the painted Dynkin diagram corresponding to … 0 is symmetric, then
as Lie algebras.
Proof. Note that
Since the painted Dynkin diagram is symmetric, we have
Thus, we obtain our claim. 
Examples
In this section, we see examples of Theorem 6.3, and an example such that Hodge numbers are quite different for each complex structure. 
Consider the following Lie subalgebras of n.n/:
for each k. Then, v k is an ideal of n.n/, and n.n/ D u k C v k . Hence, we have a rational complex structure Q J k corresponding to the decomposition n.n/ D u k C v k . The nilpotent Lie algebra n.n/ with the decomposition corresponds to the case where G D S U.n/, … D f˛1; : : : ;˛n 1 g, … 0 D ;, and … 1 D f˛1; : : : ;˛k 1 g. Put n.nI k/ D . R .n.n/ C /; Q J k 1 /. By a straightforward computation, we can easily see
Thus, we have
By theorem 6.3, we have X 
However, it is not alway true that h s;0 .n Q where .Â 1 ; Â 2 / 2 .OE0; n f 2 g/ .OE0; n f 2 g/. We denote the complex structure corresponding to this global coordinate system by J .Â 1 ;Â 2 / , which corresponds the case of a D t in Section 3. Then, we have the basis of the space of the left-invariant .1; 0/-forms, and the basis of the space of the left-invariant .0; 1/-forms which satisfy 
